We study closed n-dimensional manifolds of which the metrics are critical for quadratic curvature functionals involving the Ricci curvature, the scalar curvature and the Riemannian curvature tensor on the space of Riemannian metrics with unit volume. Under some additional integral conditions, we classify such manifolds. Moreover, under some curvature conditions, the result that a critical metric must be Einstein is proved. (2010). Primary 53C24, Secondary 53C21.
characterizations on critical metrics for F t,s on M 1 (M n ) with n + 4(n − 1)t + 4s = 0 without assumption that M n is locally conformally flat. In order to state our results, throughout this paper, we denote by E the traceless Ricci tensor. Our first result reads as follows: Theorem 1.1. Let M n be a closed manifold of dimension n = 4 with positive scalar curvature and g be a critical metric for F t,s on M 1 (M n ) with s = − n−2 4 . (1) If n + 4(n − 1)t + 4s > 0, then we have M 1 + 4s 2 |C| 2 + (n − 4)|n − 2 + 4s| (n − 2) n(n − 1) |E| 3 + 4 − 3n − 8s − 2n(n − 1)t n(n − 1) R|E| 2 + |n − 2 + 8s| 2(n − 2)(n − 1) |W ||E| 2 + 2|s||W | 2 |E| dv ≥ 0 (1.2) with equality occurs if and only if M n is either Einstein, or M n is isometrically covered by R × S n−1 with a product metric. In the latter case, we have R = n(n − 1)|E| and n−4 n−2 |n − 2 + 4s| + 4 − 3n − 8s − 2n(n − 1)t = 0. (2) If n + 4(n − 1)t + 4s < 0, then we have M 1 + 4s 2 |C| 2 − (n − 4)|n − 2 + 4s| (n − 2) n(n − 1) |E| 3 + 4 − 3n − 8s − 2n(n − 1)t n(n − 1) R|E| 2 − |n − 2 + 8s| 2(n − 2)(n − 1) |W ||E| 2 − 2|s||W | 2 |E| dv ≤ 0 (1.3) with equality occurs if and only if M n is either Einstein, or M n is isometrically covered by R × S n−1 with a product metric. In the latter case, we have R = n(n − 1)|E| and − n−4 n−2 |n − 2 + 4s| + 4 − 3n − 8s − 2n(n − 1)t = 0. Under the condition that E is a Codazzi tensor, we also obtain the following integral inequality: Theorem 1.2. Let M n be a closed manifold of dimension n = 4 with positive scalar curvature and g be a critical metric for F t,s on M 1 (M n ) with s = − n−2 4 . If 1 + 4s ≥ 0 and E is a Codazzi tensor, then we have
4)
and equality occurs if and only if M n is either Einstein, or M n is isometrically covered by R 1 × S n−1 with a product metric. In the latter case, we have −|4s(n 2 − 3n + 4) + 4(n − 2)| + (n − 2)[4 − 2n − 2n(n − 1)t + 4(n − 2)s] = 0 and R = n(n − 1)|E|.
Next, we provide a rigidity result on critical metrics for F t,s on M 1 (M n ) under the assumption that M n is locally conformally flat. Theorem 1.3. Let M n be a locally conformally flat closed manifold of dimension n = 4 with positive scalar curvature and g be a critical metric for F t,s on M 1 (M n ).
(1) For n = 3, t, s satisfy
then M 3 is of constant positive sectional curvature.
(2) For n ≥ 5, t, s satisfy
and Remark 1.2. If the Riemannian curvature tensor of M n is harmonic (that is, R ijkl,l = 0), then from the second Bianchi identity, we have
which shows that the Ricci curvature is Codazzi. Moreover, we have
which shows that R ,i = 0 and the scalar curvature is constant. Therefore, for M n with harmonic curvature tensor, we have that E is a Codazzi tensor.
Remark 1.3. For n = 3, the existence of t, s satisfying (1.6) is clear. For example, when t = 0 and s ≥ 17 25 . On the other hand, when s = 0, Catino has proved (see [6, Theorem 1.5] ) that for n = 3, if t ∈ [− 1 3 , − 1 6 ) and
then M 3 is of constant positive sectional curvature. Hence, our case of n = 3 in Theorem 1.3 generalizes those of Catino in [6] . For n ≥ 5 and s = 0, the authors in [11] have shown that there exist ε n > 0 and η n > 0 such that for − 1 2 < t < −ε n or −η n < t < − n 4(n−1) , the inequalities in (1.8) are true.
Preliminaries
For n ≥ 3, the Weyl curvature tensor and the Cotton tensor are defined by
and
respectively. From the definition of the Cotton tensor, it is easy to see
For n ≥ 4, the divergence of the Weyl curvature tensor is related to the Cotton tensor by
It is well known that W ijkl = 0 holds naturally on (M 3 , g), and (M 3 , g) is locally conformally flat if and only if C ijk = 0. For n ≥ 4, (M n , g) is locally conformally flat if and only if W ijkl = 0.
First, we recall the following result proved by Catino in [6] (see [6, Proposition 6.1]):
and only if it satisfies the equations
where λ = F t,s (g).
From the Lemma 2.1, we can obtain the following
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whereR ,ij = R ,ij − R n g ij . Proof. Using the formula (2.1), we can derive
Therefore, (2.6) can be written as By virtue of the Ricci identity and the formula (2.10), we have
where we used the second Bianchi identity E kj,k = n−2 2n R ,j . Thus, from (2.2), we have
(2.16) Inserting (2.13) into the inequality (2.16) yields the estimate (2.9).
Proof of main theorems
3.1. Proof of Theorem 1.1. Under the condition that n = 4, we have from (2.9)
then (3.1) can be written as
2)
In particular, noticing that − n − 2 n(n − 1)
with equality in (3.3) at some point p ∈ M if and only if E can be diagonalized at p and the eigenvalue multiplicity of E is at least n − 1. If |E| = 0 and the equality in the left hand side of (3.3) occurs, then n − 1 of eigenvalues which are equal must be positive (see [18] or Lemma 5.1 in [13] ). On the other hand, the following inequality which was first proved by Huisken (cf. [12, Lemma 3.4] ):
When n + 4(n − 1)t + 4s > 0, applying (3.4) and (3.3) into (3.2) yields
(3.5)
If n + 4(n − 1)t + 4s < 0, then from (3.2), we have
(3.6)
In particular, equalities in (3.5) or (3.6) occur if and only if R is constant. Hence, as stated in the lines following (3.3), E has, at each point p, an eigenvalue of multiplicity n − 1 or n. For n = 3, it is well known that W = 0 and (3.4) is an equality. When n ≥ 5, writing E ij = ag ij + bv i v j at p, with two scalars a, b and a vector v, we see that the left-hand side of (3.4) is zero at p. This shows that M n , n ≥ 5, must be conformally flat or Einstein due to the equality in (3.4) . Furthermore, for the case of n + 4(n − 1)t + 4s > 0, if the equality in (3.5) occurs and M n is not Einstein (that is, E = 0), we have W = 0 according to above arguments, which shows from (3.5) that
(3.7)
In particular, from (2.7), we have that |E| 2 is constant if s = − n−2 4 . As a result, the eigenvalues of Ricci curvature are constant from that both E and R are constant, which shows C ijk = 0. In this case, ∇E = 0 and from the de Rham decomposition theorem, M n splits as a product of two Einstein manifolds N 1 × N n−1 , where N n−1 is a Einstein manifold. Let λ 1 , · · · , λ n be the eigenvalues of Ricci curvature with λ 2 = · · · = λ n . Since the dimension of N 1 is one, we have λ 1 = 0 and R = n(n − 1)|E|. Thus, (3.7) becomes 
The proof of the case (2) in Theorem 1.1 is similar, we omit it here. It completes the proof of Theorem 1.1.
3.2.
Proof of Theorem 1.2. We recall that if E is a Codazzi tensor, then it satisfies the following sharp inequality (for the proof, for instance, see [10] . This inequality was first observed by Bourguignon [4] ): 
Then at the regular value ǫ of |E|, we have parts 
